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TOPOLOGICAL BOUNDARIES OF UNITARY
REPRESENTATIONS
ALEX BEARDEN AND MEHRDAD KALANTAR
Abstract. We introduce and study a generalization of the notion
of the Furstenberg boundary of a discrete group Γ to the setting of
a general unitary representation pi : Γ→ B(Hpi). This space, which
we call the “Furstenberg-Hamana boundary” of the pair (Γ, pi) is a
Γ-invariant subspace of B(Hpi) that carries a canonical C∗-algebra
structure. In many natural cases, including when pi is a quasi-
regular representation, the Furstenberg-Hamana boundary of pi is
commutative, but can be non-commutative in general. We study
various properties of this boundary, and give some applications.
1. Introduction
The notion of (topological) boundary actions were introduced and
studied in the seminal work of Furstenberg [Fur63], [Fur73], as a tool
to apply in rigidity problems in the context of semisimple groups. This
notion has received much less attention compared to its measurable
counterpart in that program, but recently, it has emerged as a powerful
tool in several rigidity problems concerning reduced group C∗-algebras.
More specifically, dynamical properties of the action of a discrete group
Γ on its Furstenberg boundary ∂FΓ were used to settle problems of
simplicity, uniqueness of trace, and tight nuclear embeddings of the
reduced C∗-algebra C∗λ(Γ) of Γ ([KK17], [BKKO17], [LB17]). The con-
nection between dynamical properties of boundary actions and struc-
tural properties of the reduced group C∗-algebra was initially made
through a canonical identification C(∂FΓ) ∼= IΓ(C), where the latter
is the Γ-injective envelope of the trivial Γ-C∗-algebra in the sense of
Hamana [Ham85].
The main purpose of this paper is to introduce a “Furstenberg-type
boundary” Bπ associated to a pair (Γ, π) of a discrete group Γ and a
unitary representation π : Γ→ B(Hπ). In view of the above-mentioned
identification, this boundary is constructed as a relative version of
MK was partially supported by the NSF Grant DMS-1700259.
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Hamana’s notion of Γ-injective envelopes, and is naturally identified
as a Γ-invariant subspace Bπ ⊆ B(Hπ). It also admits a canonical C
∗-
algebra structure, as it appears as the image of a u.c.p. idempotent.
Since every unital C∗-algebra A is of the form C∗π(Γ) (the C
∗-algebra
generated in B(Hπ) by π(g), g ∈ Γ), for some discrete group Γ and a
unitary representation π of Γ, it is natural to seek for a similar object
to the Furstenberg boundary that is associated to a pair (Γ, π). We
prove some general properties of Bπ which confirm that our definition
is natural.
The first problem in the C∗-algebra context that the theory of bound-
ary actions was successfully applied to is Ozawa’s nuclear embedding
conjecture. Recall that by a result of Kirchberg [Kir95], every exact
C∗-algebra can be embedded into a nuclear C∗-algebra. Although con-
crete nuclear embeddings have been constructed for exact C∗-algebras
in certain special cases, in general the nuclear embeddings that are
guaranteed to exist by the general abstract results can be difficult to
realize. In [Oza07] Ozawa considered the problem of constructing a
“tight” nuclear embedding of a given exact C∗-algebra, and conjec-
tured that for any exact C∗-algebra A, there is a nuclear C∗-algebra B
such that A ⊆ B ⊆ I(A), where I(A) denotes the injective envelope
of A. He proved the above for the reduced C∗-algebra C∗λ(Fn) of the
free group Fn, which is known to be exact. In [KK17], Kennedy and
the second-named author proved the conjecture above for the reduced
C∗-algebra of every discrete exact group Γ by showing that the C∗-
algebra B generated by C∗λ(Γ) and C(∂FΓ) in B(ℓ
2(Γ)) is nuclear, and
C∗λ(Γ) ⊆ B ⊆ I(C
∗
λ(Γ)). Ozawa’s conjecture remains open in general.
Other, even more high-profile, problems in which the application of
boundary actions resulted in significance progress were the problems
of characterizing discrete groups Γ whose reduced C∗-algebra C∗λ(Γ) is
simple (meaning that the only norm-closed two-sided ideals in C∗λ(Γ)
are zero and C∗λ(Γ) itself) or admits a unique trace (namely the canon-
ical trace τλ defined by τλ(a) := 〈aδe, δe〉 for a ∈ C
∗
λ(Γ)). The group
Γ is said to be C∗-simple if C∗λ(Γ) is simple, and is said to have the
unique trace property if C∗λ(Γ) has a unique trace.
Since Powers’ proof [Pow75] in 1975 that the free group on two gener-
ators is both C∗-simple and has the unique trace property, it had been
a major open problem to characterize groups with either of these prop-
erties, and in particular to determine whether they are equivalent (see,
e.g., [dlH07] for this fact, and for a nice general survey of the subject
matter). In a series of breakthrough works [KK17], [BKKO17], [LB17],
3dynamical properties of the Furstenberg boundary ∂FΓ were used to
give answers to all the above problems. In [KK17], Kennedy and the
second named author proved that a discrete group Γ is C∗-simple if and
only if its action on the Furstenberg boundary ∂FΓ is free. This char-
acterization was used to prove C∗-simplicity of a large class of groups,
including all previously known examples. Then, in [BKKO17], Breuil-
lard, Kennedy, Ozawa, and the second named author proved that Γ has
the unique trace property if and only if its action on the Furstenberg
boundary ∂FΓ is faithful. In particular, every C
∗-simple group has the
unique trace property. Finally, Le Boudec showed in [LB17] that there
are groups Γ whose action on the Furstenberg boundary ∂FΓ is faithful
but not free.
After proving several properties of the boundary associated to a gen-
eral representation, we focus our attention to the case of quasi-regular
representations. It turns out that the associated boundaries of these
representations have in fact more tractable and meaningful structures
(obviously the class of unital C∗-algebras is too large to expect that a
general theory of boundaries associated to group representations would
be powerful enough to lead to strong results similar to the ones men-
tioned above in this generality). We see that in the case of quasi-regular
representations λΓ/Λ associated to subgroups Λ ⊂ Γ, the boundary
BλΓ/Λ is a commutative C
∗-algebra, hence of the form Bπ ∼= C(X) for
some compact Γ-space X. We will give a dynamical characterization
of this boundary, which should be considered as “boundary of the quo-
tient”.
In extreme contrast to the special case of the above, we will show
that Bπ can be very non-commutative. In fact, we prove that any
separable unital purely infinite C∗-algebra can be embedded into Bπ
for some unitary representation π of some discrete countable group Γ.
In light of the above-mentioned results, one can say that the level of
non-triviality of the Furstenberg boundary action Γy ∂FΓ (e.g. faith-
fulness or freeness) measures how non-amenable the group Γ is. Recall
that a discrete group Γ is amenable if there is an invariant mean on the
algebra ℓ∞(Γ), i.e., a unital positive linear map φ : ℓ∞(Γ)→ C that is
invariant with respect to the action of Γ on ℓ∞(Γ) by left translation.
By identifying the algebra C with a subalgebra of ℓ∞(Γ), the map φ
can be viewed as a unital positive Γ-equivariant projection. From this
perspective, a group Γ is non-amenable if the algebra C is “too small”,
to admit such a projection. In fact C(∂FΓ) is the smallest subspace on
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which ℓ∞(Γ) can be mapped via a unital positive Γ-equivariant projec-
tion.
Observe that since there is a unital positive Γ-equivariant projec-
tion ψ : B(ℓ2(Γ)) → ℓ∞(Γ) (projection onto the diagonal), where
Γy B(ℓ2(Γ)) by inner automorphisms via left regular representation,
we see that Γ is amenable if there is a unital positive Γ-equivariant
projection φ : B(ℓ2(Γ)) → C. Motivated by this observation, Bekka
defined and studied in [Bek90] the notion of amenability for a uni-
tary representation (in the context of locally compact groups). A uni-
tary representation π : Γ → U(Hπ) is amenable if there is an invari-
ant mean (or equivalently, a unital positive Γ-equivariant projection)
φ : B(Hπ) → C. This notion has become an important concept in the
representation theory of locally compact groups. Thus, similarly to the
above, a representation π is non-amenable if C is “too small”, to admit
such a projection. Indeed Bπ is the minimal subspace of B(ℓ
2(Γ)) on
which the latter can be mapped by means of a unital completely pos-
itive Γ-equivariant projection. In particular, the level of non-triviality
of the action Γy Bπ is a measure of non-amenability of the represen-
tation π.
The organization of the paper is as follows. In Section 2, we gather
some of the preliminary and background material that we will be using
throughout the paper.
In Section 3, we construct the boundary Bπ associated to any unitary
representation π of Γ, and prove some basic results that show that this
boundary generally behaves just as one would expect. We prove that
Bπ is completely determined by the weak equivalence class of π. We
also prove some basic results about the boundary in relation to various
constructions, including induced representations, tensor products, and
restriction to subgroups. We also investigate the situation when Γ acts
amenably on a FH-boundary.
In Section 4, we study generalized notions of amenability and co-
amenability of subgroups relative to a unitary representation, in order
to better understand the kernel of the boundary action Γy Bπ.
In Section 5, we prove an extension property for our boundaries, the
counterpart of which in the case of the Furstenberg boundary ∂FΓ was
the key in [BKKO17, Theorem 1.4] in completely settling the problem
of determining the connection between C∗-simplicity of a group Γ and
its normal subgroups, which answered a question of de la Harpe [dlH07].
5In Section 6, we consider the problem of uniqueness of certain types
of traces and the relation to faithfulness of the boundary action.
In Section 7, we study the boundary of the quasi-regular representa-
tion λΓ/Λ associated to the subgroups Λ of Γ. In this case, BλΓ/Λ is a
commutative C∗-algebra, hence yields a compact Γ-space. We prove a
dynamical characterization of this compact Γ-space.
In Section 8, we show that not all boundaries Bπ are commutative.
Acknowledgements. The second named author is grateful to Yair
Hartman for many fruitful conversations and helpful comments. We
also thanks Nicolas Monod for his thoughtful comments, and pointing
out a mistake in an earlier version of this paper.
2. Preliminaries
2.1. Group actions and C∗-dynamical systems. Throughout the
paper Γ is a discrete group, and Γ y X denotes an action of Γ by
homeomorphisms on a compact (Hausdorff) space X. In this case we
say X is a compact Γ-space. The action Γy X is minimal if X has no
non-empty proper closed Γ-invariant subset. We denote by Prob(X)
the set of all Borel probability measures on X.
We will also consider group actions in the measurable setting. An
action of Γ on a probability space (X, ν) by measurable isomorphisms
is said to be non-singular if gν and ν have the same null sets. Any
non-singular action Γ y (X, ν) canonically induces an action Γ y
L∞(X, ν).
For a Hilbert space H we denote by B(H) the set of all bounded
operators on H. An element a in B(H) is said to be positive, written
a ≥ 0, if a = b∗b for some b ∈ B(H). A subalgebra A ⊆ B(H) is a C∗-
algebra if it is closed in the operator norm and under taking adjoints.
In this case, A is unital if it contains the identity operator on H.
A linear map φ : A → B between C∗-algebras is unital if φ(1A) = 1B,
it is positive if it sends positive elements to positive elements, and it
is completely positive if the maps id⊗φ : Mn(C) ⊗ A → Mn(C) ⊗
B are positive for all n ∈ N. We say φ is completely isometric if
id⊗φ is isometric for all n ∈ N. The map φ is a ∗-homomorphism
if it is multiplicative and φ(a∗) = φ(a)∗ for all a ∈ A. A bijective
∗-homomorphism is called a ∗-isomorphism. We denote by Aut(A) the
group of all ∗-automorphisms on A, i.e, ∗-isomorphisms A → A.
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A positive linear functional of norm 1 on a C∗-algebra is called a
state.
A state ρ is faithful if ρ(a) > 0 for any non-zero positive element a.
A state τ on a C∗-algebra A is a trace if τ(ab) = τ(ba) for all a, b ∈ A.
A unital C∗-algebra A is called a Γ-C∗-algebra if there is an action
α : Γ y A of Γ on A by ∗-automorphisms, that is, α is a group
homomorphism Γ→ Aut(A).
2.2. Operator systems. A subspace V ⊆ B(H) is an operator system
if it contains the identity operator on H, and is closed in the operator
norm and under taking adjoints.
The notions of being unital, positive, completely positive, and com-
pletely isometric are defined similarly for linear maps between operator
systems.
Similarly, an operator system V is a Γ-operator system if there is an
action α : Γ y V, that is, α is a group homomorphism from Γ to the
group of all unital bijective completely isometric maps on V.
We call a linear map φ : V1 → V2 between operator systems a Γ-map
if it is unital completely positive (u.c.p.), and Γ-equivariant, that is
φ(ga) = gφ(a), ∀g ∈ Γ, a ∈ V1.
By a Γ-embedding (respectively, Γ-projection) we mean a completely
isometric (respectively, idempotent) Γ-map. A bijective completely iso-
metric Γ-map is called a Γ-isomorphism. We recall the fact that any
bijective completely isometric map between C∗-algebras is automati-
cally a ∗-isomorphism of C∗-algebras.
Let A be a C∗-algebra and V ⊆ A be an operator subsystem. Sup-
pose there is a surjective idempotent unital completely positive map
ψ : A → V. Then by a result of Choi and Effros [CE77], the formula
a · b = ψ(ab), a, b ∈ V.
defines a product on V, called the Choi-Effros product, which turns V
into a C∗-algebra. The C∗-algebra obtained in this way is unique up
to isomorphism, and in particular does not depend on the map ψ.
Any action Γ y V induces an adjoint action of Γ on the weak*-
compact convex set of states on A. For a state ν on a Γ-C∗-algebra A
or a Γ-operator system V, we denote by Pν its corresponding Poisson
map, i.e., the unital positive Γ-equivariant map from A or V to ℓ∞(Γ)
defined by
(1) Pν(a)(g) = ν(g
−1a), g ∈ Γ.
72.3. Unitary representations. Let π : Γ→ U(Hπ) be a unitary rep-
resentation on the Hilbert space Hπ (where U(Hπ) is the group of uni-
tary operators onHπ). We denote by C
∗
π(Γ) := span{π(g) : g ∈ Γ}
‖·‖
⊆
B(Hπ) the C
∗-algebra generated by π(Γ).
In this work we are interested in the dynamics of the action Γ
on B(Hπ) by inner automorphisms Adg(x) := π(g)xπ(g
−1), g ∈ Γ,
x ∈ B(Hπ), as well as on C
∗-subalgebras A ⊆ B(Hπ) and operator
subsystems V ⊆ B(Hπ) that are invariant under this action.
An important class of unitary representations is the (left) quasi-
regular representations λΓ/Λ : Γ→ U(ℓ
2(Γ/Λ)) defined by
(λΓ/Λ(g)ξ)(hΛ) = ξ(g
−1hΛ)
(
h ∈ Γ, ξ ∈ ℓ2(Γ/Λ)
)
,
where Λ ≤ Γ is a subgroup. In the case of the trivial subgroup Λ = {e},
the C∗-algebra C∗λΓ(Γ) is called the reduced C
∗-algebra of Γ. And for
the choice of Λ = Γ the corresponding quasi-regular representation is
the trivial representation of Γ, which we denote by 1Γ.
Let π and σ be two unitary representations of Γ. We say π is weakly
contained in σ, written π ≺ σ, if the map σ(g) 7→ π(g) extends to
a ∗-homomorphism C∗σ(Γ) → C
∗
π(Γ), which then obviously must be
surjective.
Let Λ ≤ Γ be a subgroup, and let π : Λ → U(Hπ) be a unitary
representation of Λ. We denote by IndΓΛ(π) the unitary representation
of Γ induced by π (see, e.g., [BdlHV08, Appendix E]).
2.4. Amenability and coamenability. Recall that a discrete group
Γ is amenable if ℓ∞(Γ) admits a (left) translation invariant mean, i.e.,
a state φ : ℓ∞(Γ) → C such that φ(fg) = φ(f) for every f ∈ ℓ
∞(Γ)
and g ∈ Γ, where fg(h) = f(g
−1h), h ∈ Γ, is the left translation
of f by g. With the (left) translation action Γ y ℓ∞(Γ) and the
trivial action Γ y C, an invariant mean is nothing but a Γ-projection
ℓ∞(Γ) → C. Moreover, there is a Γ-projection E : B(ℓ2(Γ)) → ℓ∞(Γ)
defined by E(a)(g) = 〈aδg, δg〉 for a ∈ B(ℓ
2(Γ)) and g ∈ Γ, where Γ
acts on B(ℓ2(Γ)) by inner automorphisms AdλΓ(g). Thus, a group Γ is
amenable iff there is a Γ-projection E : B(ℓ2(Γ))→ C.
Definition 2.1. [Bek90] A unitary representation π : Γ → U(Hπ) is
an amenable representation if there is a Γ-projection φ : B(Hπ) → C,
where Γ acts on B(Hπ) by inner automorphisms Adπ(g), g ∈ Γ.
By the above comments we see Γ is amenable iff the regular repre-
sentation λΓ is amenable.
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Amenability can also be characterized in terms of weak containment.
The group Γ is amenable iff 1Γ ≺ λΓ, iff π ≺ λΓ for every unitary
representation π of Γ. A subgroup Λ ⊆ Γ is amenable iff λΓ/Λ ≺ λΓ.
Generally, every group Γ has a largest amenable normal subgroup,
called the amenable radical Rad(Γ). It was proved by Furman in
[Fur03] that Rad(Γ) coincides with the kernel of the action of Γ on
its Furstenberg boundary ∂FΓ.
Let Λ ⊆ Γ be a subgroup. We say Λ is co-amenable in Γ if 1Γ ≺ λΓ/Λ,
which is equivalent to existence of a Γ-invariant state (or equivalently,
a Γ-projection) ℓ∞(Γ/Λ)→ C.
3. The Furstenberg–Hamana boundary: definition and
general properties
3.1. Injective envelopes. In this section we recall fundamental no-
tions in the theory of injective envelopes for objects in a category of
operator systems. For more details on the general theory of opera-
tor systems and injective envelopes, we refer the reader to Hamana’s
papers [Ham79,Ham79b], or to Paulsen’s book [Pau02, Chapter 15].
Let C be a category of operator systems (with possibly extra struc-
tures) whose morphisms are u.c.p. maps (again, with possibly more
properties). An operator system V in C is said to be injective in C if
for every completely isometric morphism ι : S → T and every mor-
phism ψ : S → V there is a morphisms φˆ : T → V such that φˆι = φ.
In particular, we are interested the category of operator systems or
the category of unital C∗-algebras with u.c.p. maps as the morphisms,
and the category of Γ-operator systems or unital Γ-C∗-algebras with
Γ-maps as morphisms.
Hamana proves in [Ham85, Lemma 2.2] that if V is an injective
operator system, then the Γ-operator system ℓ∞(Γ,V) is always Γ-
injective.
Let V be a (Γ-)operator systems. A (Γ-)extension of V is a pair
(T , ι) consisting of a (Γ-)operator system T , and a completely isometric
morphism ι : V → T .
A (Γ-)extension (T , ι) of V is (Γ-)injective if T is (Γ-)injective. It
is (Γ-)essential if for every morphism φ : T → S such that φι is
completely isometric on V, φ is necessarily completely isometric on T .
It is (Γ-)rigid if for every morphism φ : T → T such that φι = ι on V,
φ is necessarily the identity map on T .
9Definition 3.1. Let V be a (Γ-)operator system. A (Γ-)extension of V
that is both (Γ-)injective and (Γ-)essential is said to be a (Γ-)injective
envelope of V.
We note that by [Ham85, Lemma 2.4], every Γ-injective envelope of
V is Γ-rigid.
Theorem 3.2 (Hamana). Every operator system V has an injective
envelope, denoted by I(V), which is unique up to complete isometric
isomorphism.
Similarly, if Γ is a discrete group, then every Γ-operator system has a
Γ-injective envelope, denoted by IΓ(V), which is unique up to complete
isometric Γ-isomorphism.
A unital (Γ-)C∗-algebra is (Γ-)injective as a C∗-algebra if and only
if it is (Γ-)injective as a (Γ-)operator system.
For any Hilbert space H the space B(H) is an injective operator
system. Thus, if V ⊆ B(H) is an operator system, then this inclusion
extends to a u.c.p. map I(V) → B(H), which is completely isometric
by essentiality. If we identify I(V) with its copy under this embedding,
then using injectivity of I(V) we obtain a u.c.p. idempotent from B(H)
onto I(V). Hence, the latter turns into a C∗-algebra with the Choi-
Effros product resulting from the latter u.c.p. idempotent.
If Γ is a discrete group, then ℓ∞(Γ, B(H)) is Γ-injective. Thus, if V ⊆
B(H) is a Γ-operator system, then similarly to the above, we have a Γ-
embedding IΓ(V) → ℓ
∞(Γ, B(H)), and a Γ-projection ℓ∞(Γ, B(H)) →
IΓ(V), which then provides the latter with a C
∗-algebra structure via
the Choi-Effros product.
3.2. Existence of relative Γ-injective envelopes. Fix a unitary
representation π : Γ→ U(Hπ) of Γ on a Hilbert space Hπ, and consider
B(Hπ) as a Γ-C
∗-algebra via the Γ-action s.T = π(s)Tπ(s−1) for s ∈
Γ, T ∈ B(Hπ). Following similar constructions as in [Ham85] and
[Pau11], we prove the existence of the relative Γ-injective envelope of
C1 ⊆ B(Hπ).
Proposition 3.3. On the set G of all Γ-maps φ : B(Hπ) → B(Hπ)
define the partial pre-order
φ ≤ ψ if ‖φ(x)‖ ≤ ‖ψ(x)‖ for all x ∈ B(Hπ).
Then G contains a minimal element.
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Proof. We show that every decreasing net (φi) in G has a lower bound.
Then the result follows from the Zorn’s lemma.
To show this, first note that G is point-weak* compact. Therefore,
there is a subnet (φij ) and φ0 ∈ G such that φij(x) → φ0(x) in the
weak* topology for all x ∈ B(Hπ). We obviously have ‖φ0(x)‖ ≤
lim supij ‖φij(x)‖ = inf i ‖φi(x)‖ for all x ∈ B(Hπ). 
We denote by Im(φ) the image of φ ∈ G.
Proposition 3.4. Suppose φ0 is a minimal element of G. Then
1. φ0 is an idempotent.
2. (π-essentiality:) Every Γ-map ψ : Im(φ0) → B(Hπ) is isomet-
ric.
3. Im(φ0) ⊆ B(Hπ) is minimal among subspaces of B(Hπ) that
are images of Γ-projections.
4. (π-rigidity:) The identity map is the unique Γ-map on Im(φ0).
5. (π-injectivity:) If X ⊆ Y are Γ-invariant subspaces of B(Hπ)
and ψ : B(Hπ)→ B(Hπ) is a Γ-map such that ψ(X) ⊆ Im(φ0),
then there is a Γ-map ψ˜ : B(Hπ) → B(Hπ) such that ψ˜(Y ) ⊆
Im(φ0) and ψ˜|X = ψ|X .
Proof. 1. Let φ(n) := 1
n
∑n
k=1 φ
k
0. By minimality of φ0 we have
‖φ(n)(x)‖ = ‖φ0(x)‖ for all x ∈ B(Hπ). Then for any x ∈ B(Hπ)
and n ∈ N,
‖φ0(x)− φ
2
0(x)‖ = ‖φ0(x− φ0(x))‖ = ‖φ
(n)(x− φ0(x))‖
= 1
n
‖φ0(x)− φ
n+1
0 (x)‖ ≤
2
n
‖x‖.
Since the latter can be made arbitrarily small for any x ∈ B(Hπ),
φ0 = φ
2
0.
2. Suppose ψ : Im(φ0) → B(Hπ) is a Γ-map. Then by minimality of
φ0, we have ‖x‖ = ‖φ0(x)‖ ≤ ‖ψφ0(x)‖ = ‖ψ(x)‖ for all x ∈ Im(φ0).
3. Suppose Φ : B(Hπ)→ B(Hπ) is a Γ-idempotent such that Im(Φ) ⊆
Im(φ0). Then Φ|Im(φ0) is isometric by (2), so for any x ∈ B(Hπ),
‖φ0(x)− Φ(φ0(x))‖ = ‖Φ(φ0(x)− Φ(φ0(x)))‖ = 0.
Hence φ0(x) ∈ Im(Φ) for any x ∈ B(Hπ), so Im(Φ) = Im(φ0).
4. Suppose Ψ : Im(φ0) → Im(φ0) is a Γ-map. By (2), Ψ is isometric.
For any x ∈ B(Hπ), ‖Ψ ◦ φ0(x)‖ ≤ ‖φ0(x)‖. By minimality of φ0,
‖Ψ ◦ φ0(·)‖ = ‖φ0(·)‖. Thus Ψ ◦ φ0 is a minimal element of G, and so
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by (1), Ψ ◦ φ0 is idempotent. So for any x ∈ B(Hπ),
‖φ0(x)−Ψ ◦ φ0(x)‖ = ‖Ψ(φ0(x)−Ψ ◦ φ0(x))‖
= ‖Ψ ◦ φ0(x)− (Ψ ◦ φ0)
2(x)‖ = 0.
Hence Ψ ◦ φ0 = φ0, i.e., Ψ = id.
5. The map ψ˜ = φ0 ◦ ψ meets the requirements. 
Proposition 3.5. The image of a minimal element of G is unique up
to isomorphism.
Proof. Suppose φ, ψ : B(Hπ) → B(Hπ) are both minimal elements
of G. Then by π-rigidity (4. in Proposition 3.4), the restriction of the
composition φ◦ψ to Im(φ) is the identity map. Similarly, the restriction
of ψ ◦ φ to Im(ψ) is the identity map. Hence ψ|Im(φ) : Im(φ) → Im(ψ)
is a Γ-isomorphism. 
Definition 3.6. Let φ be a minimal element of G, then Im(φ) equipped
with the Choi-Effros product is a Γ-C∗-algebra, which we call the
Furstenberg–Hamana boundary (or FH-boundary) of the representation
π, and will denote by Bπ.
Before getting into properties of the boundary Bπ, let us give a few
examples.
Example 3.7. We have BλΓ = C(∂FΓ).
Example 3.8. Let Γ y (X, ν) be a probability measure preserving
action, and let κ : Γ → B(L2(X, ν)) be the corresponding Koopman
representation. The vector functional associated to the vector 1X ∈
L2(X, ν) is an invariant state on B(L2(X, ν)), hence Bκ is trivial.
Example 3.9. Suppose Γ acts on a discrete set S, considered as a
measure space with the counting measure. Let λS : Γ → B(ℓ
2(S)) be
the corresponding Koopman representation λS(g)(δs) = δgs for g ∈ Γ,
s ∈ S. Since the map Φ : B(ℓ2(S)) → ℓ∞(S), Φ(T )(x) = 〈Tδx, δx〉,
is a Γ-projection, it follows that BλS may also be characterized as the
image of a minimal Γ-projection on ℓ∞(S). Hence there is a compact
Γ-space ∂(Γ, S) such that BλS = C(∂(Γ, S)). Observe that ∂(Γ, S) is
trivial if and only if the action is amenable in the sense of Greenleaf,
i.e., there is an invariant mean on ℓ∞(S). On the opposite end, we have
∂(Γ, S) = ∂FΓ if and only if StabΓ(s) is amenable for each s ∈ S.
To see this, first assume ∂(Γ, S) = ∂FΓ. Then the inclusion C(∂FΓ) ⊆
ℓ∞(S) yields a Γ-map φ : S → Prob(∂FΓ). Let ν ∈ Prob(∂FΓ), and let
E : ℓ∞(Γ) → C(∂FΓ) be a Γ-map. Then ν ◦ E is a StabΓ(ν)-invariant
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mean on ℓ∞(Γ), which implies StabΓ(ν) is amenable. Hence, for any
s ∈ S, we have StabΓ(s) ⊆ StabΓ(φ(s)) is amenable. Conversely, sup-
pose the point stabilizers of the action Γy S are all amenable. Then
for each s ∈ S there is a Γ-map φs : ℓ
∞(Γ) → ℓ∞(Γ/ StabΓ(s)). Now
let {xi} be a set of representatives of orbit-equivalence classes of the
action Γy S. Then
the map ψ = ⊕iφxi : ℓ
∞(Γ) → ⊕iℓ
∞(Γ/ StabΓ(xi)) = ⊕iℓ
∞(Γxi) =
ℓ∞(S) is a Γ-map. Let Φ : ℓ∞(S) → C(∂(Γ, S)) be a Γ-projection.
Then by Γ-essentiality, Φ ◦ ψ restricts a Γ-embedding of C(∂FΓ) into
C(∂(Γ, S)). By minimality of the latter, this embedding is surjective.
Example 3.10. Let Γ = Fn be the free group on n generators, n ≥ 2.
Let ρΓ : Γ→ B(ℓ
2(Γ)) be the right regular representation. Let π : Γ→
B(ℓ2(Γ)) be the unitary representation π(g) := λΓ(g)ρΓ(g). Observe
that the Dirac function δe at the neutral element e ∈ Γ is an invariant
vector for π, thus its corresponding vector functional is an invariant
state on B(ℓ2(Γ)). Hence Bπ = C is trivial.
Now, let π0 : Γ → B(ℓ
2(Γ \ {e})) be the unitary representation
obtained from restricting π to ℓ2(Γ \ {e}), which is the orthogonal
complement of the space of invariant vectors of π. The representation
π0 is in fact the Koopman representation associated to the action Γy
S = Γ \ {e} by conjugations, which is also unitarily equivalent to
the direct sum of quasi-regular representations associated to stabilizer
subgroups. Note that for g ∈ S, the stabilizer of g in Γ is the centralizer
CΓ(g) of g in Γ, hence amenable. Thus, as seen in Example 3.9, we
have Bπ0 = C(∂FΓ).
Example 3.11. Recall that a non-singular action Γ y (X, ν) on a
probability space (X, ν) is amenable (in the sense of Zimmer) if and
only if L∞(X, ν) is Γ-injective. In this case there is an equivariant em-
bedding C(∂FΓ) ⊆ L
∞(X, ν), and hence also an equivariant projection
L∞(X, ν)→ C(∂FΓ). Hence, by rigidity we have Bκ = C(∂FΓ), where
κ is the Koopman representation associated to the action Γy (X, ν).
3.3. General properties and various constructions. In this sec-
tion we study general properties of Bπ, especially in regards to various
notions and constructions in representation theory, e.g., tensor prod-
ucts, restrictions, inductions and weak containment. These results in
particular show that the definition is natural.
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3.3.1. Boundary triviality. One expects that triviality of the bound-
ary should be equivalent to some amenability property. In fact, the
following is obvious from the definitions.
Proposition 3.12. Let π be a unitary representation of Γ. Then Bπ =
C if and only if π is an amenable representation.
Example 3.13. By a result of Bekka and Valette [BV93, Theorem
1] if Γ has property T, then every amenable representation contains a
finite dimensional subrepresentation. Therefore, it follows from Propo-
sition 3.12 that Bπ is non-trivial for any irreducible infinite dimensional
representation π of Γ.
Lemma 3.14. Let π be a unitary representation of Γ, let ρ be a state
on Bπ, and let Λ = {g ∈ Γ : gρ = ρ} be the stabilizer subgroup of ρ.
Then the restriction of π to Λ is an amenable representation of Λ.
Proof. Let ψ : B(Hπ) → Bπ be a Γ-projection. Then ρ ◦ ψ is a Λ-
invariant state on B(Hπ). 
Corollary 3.15. Let π be a unitary representation of Γ, and let Λ ≤ Γ
be the kernel of the action Γ y Bπ. Then the restriction of π to Λ is
amenable as a representation of Λ.
We will study in more details the kernel of the FH-boundary action,
but we record the following first observation here, which is another fact
that one expects for a natural notion of boundary action.
Proposition 3.16. Every g ∈ Γ with finite conjugacy class acts triv-
ially on Bπ for any unitary representation π of Γ.
Proof. Let F ⊆ Γ be the conjugacy class of g. Then 1
#F
∑
h∈F Adπ(h) is
a Γ-map on Bπ, hence the identity by Γ-rigidity. Since projections are
extreme points of the positive unital ball, it follows that π(h)pπ(h−1) =
p for every h ∈ F and every projection p ∈ Bπ. Since Bπ is an injective
C∗-algebra, it is generated by its projections. Hence Adπ(h) is the
identity map on Bπ for every h ∈ F . 
3.3.2. Weak containment and weak equivalence.
Proposition 3.17. Let π and σ be two unitary representations of Γ.
Then there is a Γ-map from Bσ to Bπ iff there is a Γ-map from B(Hσ)
to B(Hπ). In particular, if π is weakly contained in σ, then there is a
Γ-map Bσ → Bπ.
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Proof. The first part follows immediately from the fact that there are
Γ-maps Bσ → B(Hσ) → Bσ, and similarly for π. If π ≺ σ, then the
canonical ∗-homomorphism C∗σ(Γ) → C
∗
π(Γ) extends to a u.c.p. map
B(Hσ) → B(Hπ) which is automatically Γ-equivariant since C
∗
σ(Γ) is
in its multiplicative domain, and that implies the last assertion. 
Corollary 3.18. The FH-boundary Bπ of a representation π is deter-
mined by the weak-equivalence class of π.
Proof. By Proposition 3.17, if π and σ are weakly equivalent, then there
are Γ-maps Bπ → Bσ and Bσ → Bπ. By rigidity, the composition of
these in either order is the identity. Thus Bπ ∼= Bσ. 
The following is another justification for the above fact.
Proposition 3.19. Let π : Γ → U(Hπ) be a unitary representation of
Γ. There is a Γ-inclusion Bπ ⊆ I(C
∗
π(Γ)).
Proof. By injectivity, there is a projection φ : B(Hπ)→ I(C
∗
π(Γ)) that
extends the identity map on C∗π(Γ), hence in particular is Γ-equivariant.
Then the restriction of φ to Bπ is an embedding by Proposition 3.4. 
A natural question now is: To what extent does the FH-boundary
of a representation determines its weak-equivalence class? Or more
generally (and more reasonably), are there possible relations between
FH-boundaries of various weak-equivalence classes of representations?
We prove below a partial result in this direction showing that under
certain assumptions we may classify the representations whose FH-
boundaries coincide with that of the regular representation, namely
the Furstenberg boundary of the group.
Theorem 3.20. If π is a unitary representation of Γ which is weakly
contained in the regular representation λΓ, then Bπ ∼= C(∂FΓ).
Conversely, if Γ is an exact group with Bπ ∼= C(∂FΓ), and if there is
a copy of Bπ that embeds as a Γ-invariant subspace of a commutative
C∗-subalgebra of B(Hπ), then π is weakly contained in λΓ.
Proof. For the first assertion, note that since π ≺ λΓ, by Proposition
3.17 we have a Γ-map Bλ = C(∂FΓ)→ Bπ. By Γ-injectivity of C(∂FΓ),
there is also a Γ-map Bπ → C(∂FΓ). By rigidity, the latter is in fact
an isomorphism.
Conversely, suppose that Γ is exact with Bπ ∼= C(∂FΓ) which is
embedded as a Γ-invariant subspace of a commutative C∗-subalgebra
of B(Hπ). Let A be the C
∗-algebra generated by Bπ in B(Hπ). By
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the assumptions, we may take A to be commutative and Γ-invariant,
hence of the form C(Y ) for some compact Γ-space Y . The adjoint
to the embedding C(∂FΓ) → C(Y ) yields a Γ-equivariant map Y →
Prob(∂FΓ). Since Γ is exact, by [KK17, Theorem 4.5] the action Γ y
∂FΓ is (topologically) amenable, hence so is Γy Prob(∂FΓ) (see, e.g.,
[Hig00, Lemma 3.6]), which implies Γ y Y is amenable. Thus, the
full and reduced crossed product of the latter action coincide [AD02,
Theorem 5.3]. Hence, there is a canonical surjective ∗-homomorphism
Γ ⋉r C(Y ) → C
∗(C(Y ) ∪ π(Γ)) ⊆ B(Hπ) which sends λΓ(g) 7→ π(g)
for every g ∈ Γ. This implies π ≺ λΓ. 
3.3.3. Restriction to subgroups. In this section we prove several results
concerning FH-boundaries of restrictions of representations.
Lemma 3.21. Let π be a unitary representation of Γ, and let Λ ≤ Γ
be a subgroup. Then there is a Λ-embedding Bπ|Λ ⊆ Bπ.
Proof. Let ϕ : B(Hπ) → Bπ be a Γ-projection. Considering ϕ as a
Λ-map, it follows from Proposition 3.4 that its restriction to Bπ|Λ is a
Λ-embedding into Bπ. 
Lemma 3.22. Let π be a representation of Γ and let Λ ≤ Γ be a normal
subgroup. If the action Λy Bπ|Λ is faithful, then
ker(Γy Bπ) ⊆ CΓ(Λ),
where CΓ(Λ) is the centralizer of Λ in Γ.
Proof. By Lemma 3.21 we may identify Bπ|Λ with a Λ-invariant sub-
space of Bπ. Now let g ∈ ker(Γ y Bπ). Then for every h ∈ Λ and
a ∈ Bπ|Λ we have π(g)π(h)π(g
−1)aπ(g)π(h−1)π(g−1) = π(h)aπ(h−1)
which implies h−1ghg−1 ∈ ker(Λy Bπ|Λ) = {e}, hence g ∈ CΓ(Λ). 
Corollary 3.23. Let π be a representation of Γ, and let Λ ≤ Γ be a
normal subgroup with trivial centralizer in Γ. If the action Λ y Bπ|Λ
is faithful, then so is the action Γy Bπ.
3.3.4. Tensor products.
Proposition 3.24. Let π1, π2 be representations of Γ. Then there are
Γ-maps Bπi → Bπ1⊗π2 for i = 1, 2.
Proof. Compose the Γ-map B(Hπ1) → B(Hπ1) ⊗ B(Hπ2), a 7→ a ⊗ I,
with a Γ-map B(Hπ1) ⊗ B(Hπ2) → Bπ1⊗π2, and restrict the resulting
map to Bπ1 to obtain a Γ-map Bπ1 → Bπ1⊗π2. The argument for π2 is
similar. 
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3.3.5. Induction. In this section we prove some results concerning FH-
boundaries of induced representations.
The first result generalizes a special case of [Bek90, Corollary 5.6].
Proposition 3.25. Suppose Λ ≤ Γ is a subgroup, π is a unitary rep-
resentation of Γ, and σ is a unitary representation of Λ such that
π ≺ indΓΛ(π|Λ) and π|Λ ≺ σ ⊗ τ for some unitary representation τ
of Λ. Then there is a Γ-map BindΓ
Λ
σ → Bπ.
Proof. By general properties of induced representations and weak con-
tainment (see, e.g., [BdlHV08, Appendix E, F]), we have
π ≺ indΓΛ(π|Λ) ≺ ind
Γ
Λ(σ ⊗ τ)
≺ indΓΛ((ind
Γ
Λσ)|Λ ⊗ τ) = ind
Γ
Λσ ⊗ ind
Γ
Λτ.
Thus, combining Proposition 3.24 with Proposition 3.17 yields the re-
sult. 
Theorem 3.26. If Λ is a co-amenable subgroup of Γ and π is a unitary
representation of Γ, then there is a Γ-isomorphism BindΓ
Λ
(π|Λ)
∼= Bπ.
Proof. Since Λ is co-amenable in Γ, it follows that
π = π ⊗ 1Γ ≺ π ⊗ λΓ/Λ = π ⊗ ind
Γ
Λ1Λ = ind
Γ
Λ(π|Λ ⊗ 1Λ) = ind
Γ
Λ(π|Λ),
which implies there is a Γ-map BindΓ
Λ
(π|Λ)
→ Bπ. On the other hand,
since indΓΛ(π|Λ) = π ⊗ λΓ/Λ, Proposition 3.24 yields a Γ-map Bπ →
BindΓ
Λ
(π|Λ)
. By Γ-rigidity both above Γ-maps are isomorphisms. 
3.4. Amenability of π-boundary actions. In [Oza07] Ozawa con-
jectured that for any separable unital exact C∗-algebra A there is a
unital nuclear C∗-algebra B such that A ⊆ B ⊆ I(A). The conjec-
ture was proved for the reduced C∗-algebras of exact groups in [KK17],
where it was shown that if C∗λ(Γ) is exact then Γ⋉r C(∂FΓ) is nuclear
and C∗λ(Γ) ⊆ Γ⋉r C(∂FΓ) ⊆ I(C
∗
λ(Γ)). The conjecture remains open
in general.
Recall from Proposition 3.19 that Bπ ⊆ I(C
∗
π(Γ)). Since any separa-
ble unital C∗-algebra A is of the form C∗π(Γ) for some countable group
Γ and a unitary representation π of Γ, by analogy with the result from
[KK17] just mentioned, it is natural to study properties of C∗-algebras
generated by π(Γ) and Bπ in B(Hπ).
Say that an FH-boundary is C∗-embeddable if there is a ∗-homomorphic
copy of Bπ in B(Hπ). Fix such a copy, and let B˜π be the C
∗-algebra
generated by π(Γ) and Bπ in B(Hπ). One natural question in light of
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the above discussion is: in which cases does exactness of C∗π(Γ) imply
nuclearity of B˜π?
Recall that the nuclearity of the reduced crossed product follows
from amenability of the action.
The definition of an amenable group action is due to Anantharaman-
Delaroche [AD02, Definition 2.1]. For the general theory of exactness
and amenable actions, we refer the reader to the book of Brown and
Ozawa [BO08].
In the general case of a C∗-embeddable FH-boundary, we should not
seek for amenability of the action, as the next theorem shows.
Theorem 3.27. Let π be a unitary representation of Γ such that there
is Bπ is C
∗-embeddable. Then the action Γ y Bπ is topologically
amenable if and only if Γ is an exact group and π is weakly contained
in the left regular representation.
Proof. Suppose Γy Bπ is topologically amenable. Then the restriction
of the action to the center of Bπ is also amenable, hence Γ is an exact
group by [AD02, Theorem 7.2]. Moreover, we have Γ⋉Bπ = Γ⋉rBπ by
[AD02, Theorem 5.3]. Thus, since Bπ is C
∗-embeddable, there is a ∗-
homomorphism Γ⋉rBπ → B˜π that maps C
∗
λ(Γ) onto C
∗
π(Γ) canonically.
This implies π ≺ λΓ.
Conversely, suppose Γ is exact and π ≺ λΓ. By 3.20 we have
Bπ ∼= C(∂FΓ). Hence, the action Γ y Bπ is topologically amenable
by [KK17, Theorem 4.5]. 
4. Amenability and co-amenability of normal subgroups
with respect to unitary representations
Throughout this section Λ is a normal subgroup of Γ. Note that in
this case, for any unitary representation π of Γ, the commutant π(Λ)′
in B(Hπ) is Γ-invariant.
4.1. π-amenability.
Definition 4.1. Say that Λ is π-amenable if there is a Γ-map ϕ :
B(Hπ)→ π(Λ)
′.
Proposition 4.2. Let π be a unitary representation of Γ. Then the
following are equivalent:
(1) π is an amenable representation;
(2) any normal subgroup Λ is π-amenable;
(3) Γ is π-amenable.
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Proof. (1)⇒ (2): Suppose π is an amenable representation, i.e., there
is a Γ-invariant mean φ on B(Hπ). We may consider φ as a Γ-map
ϕ : B(Hπ) → π(Λ)
′. (2) ⇒ (3) is trivial. (3) ⇒ (1): suppose Γ is
π-amenable, and let ϕ : B(Hπ)→ π(Γ)
′ be a Γ-map. Note that Γ acts
trivially on π(Γ)′. Thus, for any state ρ on π(Γ)′, the composition ρ◦ϕ
is a Γ-invariant mean on B(Hπ). 
Proposition 4.3. Let λΓ be the left regular representation of Γ. Then
a normal subgroup Λ E Γ is λΓ-amenable if and only if it is amenable.
Proof. Suppose Λ is amenable. Then there is a Γ-map from ℓ∞(Γ)
to ℓ∞(Γ/Λ). Composing this map with the Γ-projection B(ℓ2(Γ)) →
ℓ∞(Γ) gives a Γ-map B(ℓ2(Γ))→ ℓ∞(Γ/Λ). Since ℓ∞(Γ/Λ) ⊆ π(Λ)′, it
follows Λ is λΓ-amenable.
Conversely, suppose Λ is λΓ-amenable, and suppose ϕ : B(Hπ) →
λΓ(Λ)
′ is a Γ-map. Then for any state ρ on λΓ(Γ)
′, the composition
ρ ◦ ϕ|ℓ∞(Γ) is a Λ-invariant mean on ℓ
∞(Γ). Hence Λ is amenable. 
Theorem 4.4. Let π be a unitary representation of Γ. A normal sub-
group Λ E Γ is π-amenable if and only if it acts trivially on Bπ.
Proof. Suppose λ E Γ is π-amenable, and let ϕ : B(Hπ) → π(Λ)
′ be
a Γ-map. By Proposition 3.4, ϕ|Bpi is an embedding. Since Λ acts
trivially on π(Λ)′, it follows that Λ also acts trivially on Bπ.
Conversely, suppose Λ acts trivially on Bπ. It follows that Bπ ⊆
π(Λ)′. Hence there is a Γ-mapB(Hπ)→ π(Λ)
′, namely any Γ-projection
B(Hπ)→ Bπ. 
Corollary 4.5. The kernel of the action Γ y Bπ is the unique maxi-
mal π-amenable normal subgroup of Γ, and it contains all π-amenable
normal subgroups of Γ.
Definition 4.6. We call the kernel of the action of Γ y Bπ the π-
amenable radical of Γ, and denote it by Radπ(Γ).
4.2. π-co-amenability.
Definition 4.7. If Λ E Γ is a normal subgroup, say that Λ is π-co-
amenable if there exists a Γ-invariant state ψ : π(Λ)′ → C.
Proposition 4.8. Let π : Γ → B(Hπ) be a unitary representation.
Every co-amenable normal subgroup of Γ is π-co-amenable.
Proof. Suppose Λ is a co-amenable normal subgroup of Γ. By normal-
ity, there is a canonical Γ/Λ-action on π(Λ)′, and by co-amenability,
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there is a Γ-map ψ : ℓ∞(Γ/Λ) → C. Since ℓ∞(Γ/Λ) is Γ/Λ-injective,
there is a Γ/Λ-map ϕ : π(Λ)′ → ℓ∞(Γ/Λ), which is evidently also a
Γ-map. So ψ ◦ ϕ : π(Λ)′ → C is a Γ-map. 
Proposition 4.9. Let π : Γ → B(Hπ) be a unitary representation
such that Bπ ∼= C(∂FΓ). Then a normal subgroup is co-amenable iff it
is π-co-amenable.
Proof. The forward direction follows from Proposition 4.8. For the
converse, suppose Λ is a normal π-co-amenable subgroup of Γ, so that
there exists a Γ-map ψ : π(Λ)′ → C. Since Bπ = ∂FΓ, by Proposition
3.17 there is a Γ-map ϕ : B(ℓ2(Γ))→ B(Hπ). The canonical embedding
ℓ∞(Γ/Λ) →֒ ℓ∞(Γ) identifies ℓ∞(Γ/Λ) with a Γ-invariant C∗-subalgebra
of B(ℓ2(Γ)). Under this identification, for f ∈ ℓ∞(Γ/Λ) and s ∈ Λ,
using the fact that Λ acts trivially on ℓ∞(Γ/Λ), we have
π(s)ϕ(f)π(s−1) = ϕ(λΓ(s)fλΓ(s
−1)) = ϕ(f),
which implies ϕ maps ℓ∞(Γ/Λ) into π(Λ)′. Hence, composing ϕ with
ψ yields a Γ-invariant state on ℓ∞(Γ/Λ). 
Corollary 4.10. A normal subgroup of Γ is co-amenable iff it is λΓ-
co-amenable.
Proposition 4.11. Let π be a unitary representation of Γ, and let
Λ E Γ be a normal subgroup. If π|Λ is irreducible, then Λ is π-co-
amenable.
Proof. If π|Λ is irreducible, then π(Λ)
′ = C1, and obviously there is a
Γ-invariant state on π(Λ)′. 
Proposition 4.12. For a normal subgroup Λ E Γ, we have that π is
amenable if and only if Λ is π-amenable and π-co-amenable.
Proof. (⇒) This follows from Proposition 4.2 and the obvious fact that
a restriction of a Γ-invariant state on B(Hπ) to π(Λ)
′ is a Γ-invariant
state on π(Λ)′.
(⇐) Suppose Λ is π-amenable, then by Theorem 4.4, Λ acts trivially
on Bπ, so that Bπ ⊆ π(Λ)
′. Thus any Γ-invariant state on π(Λ)′ re-
stricts to a Γ-invariant state on Bπ. Composing with a Γ-idempotent
B(Hπ)→ Bπ gives a Γ-invariant state on B(Hπ). 
Corollary 4.13. Let Λ E Γ be a normal subgroup, and suppose π is a
non-amenable unitary representation of Γ such that the restriction π|Λ
is irreducible. Then Λ is not π-amenable.
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Proof. Since π|Λ is irreducible, Λ is π-co-amenable, by Proposition
4.11. Now, if Λ is moreover π-amenable, then Proposition 4.12 im-
plies amenability of π, which contradicts our assumption. 
5. Extending boundary actions
One of the main advantages of topological boundaries compared to
their measurable counterparts is their extension properties. If Λ is a
normal subgroup of Γ, then the action Λ y ∂FΛ extends to an action
Γ y ∂FΛ. We prove a similar result in this section. Again, hidden
in this result is a distinguished property of the regular representation,
namely that it is the GNS representation of a pdf that is invariant
under any automorphism.
Definition 5.1. Let π be a unitary representation of Γ. An auto-
morphism α of Γ is called a π-automorphism if α extends to a ∗-
automorphism of the C∗-algebra C∗π(Γ). We denote by autπ(Γ) the
set of all π-automorphisms of Γ.
Proposition 5.2. We have autλΓ(Γ) = aut(Γ).
Proof. If α is an automorphism of Γ, then the GNS representation
of the state τ(x) = 〈xδe, δe〉 on C
∗
λ◦α(Γ) implements a ∗-isomorphism
between C∗λ◦α(Γ) and C
∗
λ(Γ) such that λ(α(s)) 7→ λ(s) for all s ∈ Γ. 
Note that α ∈ autπ(Γ) iff π ◦ α is weakly equivalent to π, iff the
automorphism on C∗(Γ) induced by α leaves the ideal Iπ (i.e., the
kernel of the canonical ∗-homomorphism C∗(Γ) → C∗π(Γ)) invariant.
It is clear from the definition (or any of these equivalent descriptions)
that autπ(Γ) is a subgroup of aut(Γ), and that autπ(Γ) = autπ◦α(Γ)
for all α ∈ autπ(Γ).
Obviously any inner automorphism is a π-automorphism for any rep-
resentation π. Thus, via inner automorphisms, Γ/Z(Γ) is identified
with a normal subgroup of autπ(Γ). It follows from Proposition 3.16
that Z(Γ) acts trivially on the FH-boundary of any representation π,
hence the action Γy Bπ factors through Γ/Z(Γ).
Theorem 5.3. Let π be a unitary representation of Γ. Then the action
Γy Bπ extends to an action autπ(Γ)y Bπ.
Proof. Let π : Γ → U(Hπ) be a unitary representation and let α ∈
autπ(Γ). Let πα : Γ → U(Hπα) be the unitary representation where
Hπα = Hπ and πα(g) = π(α(g)) for g ∈ Γ. Then πα is weakly equivalent
to π, and we denote by α the ∗-automorphism on C∗π(Γ) = C
∗
πα(Γ)
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which extends π(g) 7→ πα(g). Obviously a subspace of B(Hπ) is π-
invariant iff it is πα-invariant, and any Γ-map on B(Hπ) is a Γ-map
on B(Hπα), and vice versa. Hence, it follows that Bπ considered as a
subspace of B(Hπα) with the action of Γ via πα is the FH-boundary of
πα. Since π and πα are weakly equivalent, by Corollary 3.18 there is a
∗-automorphism Φα : Bπ → Bπα = Bπ which satisfies
(2)
Φα(π(g)aπ(g
−1)) = πα(g)Φα(a)πα(g
−1) = π(α(g))Φα(a)π(α(g
−1))
for all g ∈ Γ and a ∈ Bπ. Then
Φα−1 ◦ Φα(π(g)aπ(g
−1)) = Φα−1(πα(g)Φα(a)πα(g
−1))
= Φα−1(π(α(g))Φα(a)π(α(g
−1)))
= πα−1(α(g))Φα−1(Φα(a))πα−1(α(g
−1))
= π(α−1(α(g)))Φα−1(Φα(a))π(α
−1(α(g−1))
= π(g)Φα−1 ◦ Φα(a)π(g
−1),
which shows Φα−1 ◦ Φα is a Γ-map on Bπ, hence identity by π-rigidity.
Thus, Φα−1 = (Φα)
−1. If α, β ∈ autπ(Γ), then straightforward calcu-
lations similar to the above shows Φβ−1 ◦ Φα−1 ◦ Φαβ is a Γ-map on
Bπ, which implies Φβ ◦ Φα = Φαβ . Hence α 7→ Φα defines an action
autπ(Γ)y Bπ. Now let g ∈ Γ, and let αg = Adg be the corresponding
inner automorphism on Γ. Then for any h ∈ Γ and a ∈ Bπ we have
Φαg ◦ Adπ(g−1)(π(h)aπ(h
−1)) = Φαg(π(g
−1h)aπ(h−1g))
= π(αg(g
−1h))Φαg(a)π(αg(h
−1g))
= π(hg−1)Φαg(a)π(gh
−1)
= π(h)π(g−1)Φαg(a)π(g)π(h
−1)
= π(h)π(αg(g
−1))Φαg(a)π(αg(g))π(h
−1)
= π(h)Φαg(π(g
−1)aπ(g))π(h−1)
= π(h)Φαg ◦Adπ(g−1)(a)π(h
−1),
which shows Φαg ◦ Adπ(g−1) is a Γ-map on Bπ, hence identity. Hence
Φαg = Adπ(g). 
Note that if α 7→ Φα,Ψα are two actions of autπ(Γ) on Bπ, both
extending the Γ-action and satisfy (2), then Φα−1 ◦ Ψα is a Γ-map on
Bπ for all α, which implies Φα−1 = Ψα. Thus, there is a unique action
autπ(Γ)y Bπ that extends the Γ-action and satisfies (2).
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Next, we identify the kernel of this action. Recall from Definition
4.6 that Radπ(Γ) is the kernel of the action Γy Bπ.
Lemma 5.4. The π-amenable radical Radπ(Γ) is invariant under any
π-automorphism.
Proof. Let g ∈ Radπ(Γ) and α ∈ autπ(Γ). Then by (2) we have
Φα(a) = Φα(π(g)aπ(g
−1)) = π(α(g))Φα(a)π(α(g
−1))
for all a ∈ Bπ, which implies α(g) ∈ Radπ(Γ). 
Hence, by the above we obtain a group homomorphism
κ : autπ(Γ)→ aut(Γ/Radπ(Γ)).
Proposition 5.5. Let π be a unitary representation of Γ, and let
autπ(Γ) y Bπ be the unique extension of the Γ-action which satisfies
(2). Then
ker(autπ(Γ)y Bπ) = ker(κ).
Proof. Let α ∈ ker(κ), then g−1α(g) ∈ Radπ(Γ) for all g ∈ Γ, and so
by (2) we have
Φα(π(g)aπ(g
−1)) = π(α(g))Φα(a)π(α(g
−1)) = π(g)Φα(a)π(g
−1),
which implies Φα is Γ-equivariant, hence the identity, and so in the
kernel of the action autπ(Γ)y Bπ.
Conversely, suppose α ∈ autπ(Γ) acts trivially on Bπ. Then again
using (2) we have
π(g) a π(g−1) = Φα(π(g)aπ(g
−1))
= π(α(g))Φα(a)π(α(g
−1))
= π(α(g)) a π(α(g−1))
for all g ∈ Γ and a ∈ Bπ, which implies g
−1α(g) ∈ Radπ(Γ), hence
α ∈ ker(κ). 
Corollary 5.6. If the action Γy Bπ is faithful then so is the extended
action autπ(Γ)y Bπ.
Theorem 5.7. Let π be a representation of Γ and Λ ≤ Γ be a normal
subgroup. Then the action Λ y Bπ|Λ extends to an action Γ y Bπ|Λ.
If the Λ-action is faithful, then
ker(Γy Bπ|Λ) = Cπ(Γ)(π(Λ)),
where Cπ(Γ)(π(Λ)) is the centralizer of π(Λ) in π(Γ).
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Proof. Since Λ is normal in Γ we have Adπ(g)(π(Λ)) = π(Λ) for every
g ∈ Γ, which implies the C∗-algebra C∗π|Λ(Λ) is Γ-invariant and Adπ(g) ∈
autπ|Λ(Λ) for all g ∈ Γ. Thus, this yields a group homomorphism
from Γ to autπ|Λ(Λ). The kernel of this homomorphism is Cπ(Γ)(π(Λ)).
By Corollary 5.6, since the action Λ y Bπ|Λ is faithful, the action of
the quotient group Γ/Cπ(Γ)(π(Λ)) on Bπ|Λ is faithful. Hence it follows
ker(Γy Bπ|Λ) = Cπ(Γ)(π(Λ)). 
6. Faithfulness and uniqueness of trace
One of the most important applications of boundary actions was in
settling the problem of characterizing groups with the unique trace
property. In fact, it was proved in [BKKO17, Theorem 4.1] that ev-
ery trace on C∗λ(Γ) is supported on Rad(Γ), the amenable radical of
Γ, which as mentioned before, is the kernel of the action Γ y ∂FΓ.
In this section we prove generalizations of this result in the case of
representations with commutative FH-boundaries (e.g., quasi-regular
representations).
But note that the regular representation admits several special and
universal properties that are unique to that case. So, in order to avoid
any restrictive assumptions, first, we need to rephrase the above result
in the form of an equivalent statement which does not hide any of those
properties.
Observe that a trace τ on C∗λ(Γ) is nothing but a Γ-map τ : C
∗
λ(Γ)→
C, where Γ y C is the trivial action. By Γ-injectivity, any such map
extends to a Γ-map τ˜ : B(ℓ2(Γ)) → IΓ(C) = C(∂FΓ) = Bλ. Hence,
the property that every trace on C∗λ(Γ) is supported on Rad(Γ) =
ker(Γ y Bλ) is equivalent to the property that every Γ-extension τ˜ :
B(ℓ2(Γ)) → IΓ(C) = C(∂FΓ) = Bλ of any trace τ on C
∗
λ(Γ) vanishes
on all g /∈ ker(Γy Bλ). We see below that the fact that any trace on
C∗λ(Γ) can be extended to a Γ-map on B(ℓ
2(Γ)) is the key in the above
result.
Definition 6.1. Let π be a unitary representation of Γ. A trace τ on
the C∗-algebra C∗π(Γ) is called an extendable trace if it extends to a
Γ-map B(Hπ)→ Bπ.
One can see that if π is weakly contained in the regular represen-
tation, then by Theorem 3.20 any trace τ on C∗π(Γ) is an extendable
trace. In fact, if π is a representation such that Bπ = C(∂FΓ), then
by Γ-injectivity and the fact C(∂FΓ) = IΓ(C) it follows every trace on
C∗π(Γ) is extendable.
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Lemma 6.2. Let π be a unitary representation of Γ such that Bπ is
commutative. If ψ : B(Hπ) → Bπ is a Γ-map and g /∈ Radπ(Γ), then
ψ(π(g)) vanishes on some state on Bπ.
Proof. Since Bπ is commutative, it is of the form C(Z) for some com-
pact Γ-space Z. Now let ψ : B(Hπ) → C(Z) be a Γ-map and let
g /∈ ker(Γy Z). So there exist z ∈ Z and positive f ∈ C(Z) such that
f(z) = 1 and f(g−1z) = 0. Hence, it follows from [HK17, Lemma 2.2]
that δz ◦ ψ(π(g)) = 0. 
Theorem 6.3. Let π be a unitary representation of Γ such that Bπ
is commutative. Then any extendable trace on C∗π(Γ) is supported on
Radπ(Γ).
Proof. Let τ be an extendable trace on C∗π(Γ) and let τ˜ : B(Hπ)→ Bπ
be a Γ-map that extends τ . Then for any g ∈ Γ, τ˜ (π(g)) is a constant
function on the Gelfand spectrum Z of Bπ, taking the value τ(π(g)).
If g /∈ ker(Γ y Z), then by Lemma 6.2, τ˜(π(g)) vanishes on some
probability on Z. Hence, it follows that τ(π(g)) = 0. 
Corollary 6.4. Let π be a unitary representation of Γ whose FH-
boundary is commutative and faithful. Then either C∗π(Γ) admits no
extendable trace, or otherwise π weakly contains λΓ and the canonical
trace is the unique extendable trace on C∗π(Γ).
Corollary 6.5. Suppose Γ has trivial amenable radical. Let π be a
unitary representation of Γ such that Bπ = C(∂FΓ). Then either C
∗
π(Γ)
admits no trace, or otherwise π weakly contains λΓ and the canonical
trace is the unique trace on C∗π(Γ).
Proof. Since Bπ = C(∂FΓ), by comments above Lemma 6.2, every trace
on C∗π(Γ) is extendable. Since Γ has trivial amenable radical, the action
Γy ∂FΓ is faithful. Hence the claim follows from Theorem 6.3. 
Example 6.6. Suppose Γ has trivial amenable radical and that the
centralizer CΓ(g) of every non-trivial element g ∈ Γ is amenable (e.g.
the free group Fn, n ≥ 2, satisfies this). Let ρΓ : Γ → B(ℓ
2(Γ))
be the right regular representation. Let π : Γ → B(ℓ2(Γ \ {e})) be
the unitary representation π(g) := λΓ(g)ρΓ(g). This is in fact the
Koopman representation associated to the action Γ y S = Γ \ {e}
by conjugations, which is also unitarily equivalent to the direct sum of
quasi-regular representations associated to stabilizer subgroups. Note
that for g ∈ S, the stabilizer of g in Γ is the centralizer CΓ(g) of g
in Γ, hence amenable by the assumption. Therefore the quasi-regular
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representation associated to stabilizer subgroups are weakly contained
in the regular representation λΓ. Hence, π is weakly contained in λΓ.
Moreover, as seen in Example 3.9, we have Bπ = C(∂FΓ). Thus, by
Corollary 6.5, C∗π(Γ) either admits no trace, or otherwise π is weakly
equivalent to λΓ and the canonical trace is the unique trace on C
∗
π(Γ).
In particular, if Γ is C∗-simple (e.g. Fn, n ≥ 2), then the latter case
holds.
7. Quasi-regular representations
In this section we study the case of quasi-regular representations. We
see in this case, the FH-boundary is commutative, hence yields a com-
pact Γ-space which should be considered as the “Furstenberg boundary
of the quotient”.
Throughout this section Λ ≤ Γ is a subgroup, and Γ y Γ/Λ is the
canonical action on the set of left Λ-cosets.
We denote by λΓ/Λ : Γ → B(ℓ
2(Γ/Λ)) the quasi-regular representa-
tion defined by λΓ/Λ(g)δg′Λ = δgg′Λ.
Observe that the map
B(ℓ2(Γ/Λ)) ∋ T 7→ fT ∈ ℓ
∞(Γ/Λ) ; fT (gΛ) := 〈TδgΛ, δgΛ〉
is a Γ-projection. Thus, BλΓ/Λ ⊆ ℓ
∞(Γ/Λ), which implies BλΓ/Λ is
commutative as it inherits its Choi-Effros product from ℓ∞(Γ/Λ).
Hence we have BλΓ/Λ = C(∂FH(Γ/Λ)), where ∂FH(Γ/Λ) is a compact
Γ-space.
Definition 7.1. The compact Γ-space ∂FH(Γ/Λ) will be called the
FH-boundary of the pair (Γ,Λ). We say Γy X is a (topological) Γ/Λ-
boundary action, or that X is a (topological) Γ/Λ-boundary, if there
is a Γ-map C(X)→ B(ℓ2(Γ/Λ)) and every such map is isometric.
Obviously if X is a Γ/Λ-boundary then C(X) ⊆ C(∂FH(Γ/Λ)) as a
Γ-invariant subspace.
Proposition 7.2. If Λ is normal in Γ then ∂FH(Γ/Λ) = ∂F (Γ/Λ).
Proof. This follows immediately from construction. 
Lemma 7.3. Let Λ1 ≤ Λ2 ≤ Γ be subgroups. If Λ1 is co-amenable in
Λ2 then ∂FH(Γ/Λ1) ∼= ∂FH(Γ/Λ2) as Γ-spaces.
Proof. Suppose Λ1 is co-amenable in Λ2, i.e., 1Λ2 ≺ λΛ2/Λ1 . Then
λΓ/Λ2 = Ind
Γ
Λ2(1Λ2) ≺ Ind
Γ
Λ2(λΛ2/Λ1)
= IndΓΛ2(Ind
Λ2
Λ1
(1Λ1) = Ind
Γ
Λ1
(1Λ1) = λΓ/Λ1 .
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Thus, by Proposition 3.17, there is a Γ-map ψ : C(∂FH(Γ/Λ1)) →
C(∂FH(Γ/Λ2)). Note that ℓ
∞(Γ/Λ2) is canonically identified with a
Γ-invariant C∗-subalgebra of ℓ∞(Γ/Λ1). Hence we get the string of
Γ-maps
C(∂FH(Γ/Λ1))
ψ
−→ C(∂FH(Γ/Λ2))
id
−→ ℓ∞(Γ/Λ2)
id
−→ ℓ∞(Γ/Λ1)
ϕ1
−→ C(∂FH(Γ/Λ1)),
where ϕ1 is an idempotent Γ-map. By Proposition 3.4 the composi-
tion of the above maps is the identity map on C(∂FH(Γ/Λ1)). Hence
it follows that ψ induces a Γ-equivariant homeomorphism between
∂FH(Γ/Λ1) and ∂FH(Γ/Λ2). 
Corollary 7.4. The FH-boundary of the the pair (Γ,Λ) is trivial if and
only if Λ ≤ Γ is co-amenable.
Proof. Setting Λ1 = Λ and Λ2 = Γ in Lemma 7.3 yields the result. 
Corollary 7.5. We have ∂FH(Γ/Λ) = ∂F (Γ) as Γ-spaces if and only if
Λ is amenable.
Proof. Setting Λ1 = {e} and Λ2 = Λ in Lemma 7.3 yields the result. 
7.1. Dynamical characterization of ∂FH(Γ/Λ). In this section we
prove a dynamical characterization of Γ/Λ-boundaries in terms of con-
tractibility of certain measures.
Definition 7.6. A probability measure ν on a compact Γ-space X is
contractible if δx ∈ Γν
weak*
for every x ∈ X. We denote by Probc(X)
the set of all contractible probabilities on X.
We also denote by ProbΛ(X) the set of all Λ-invariant probabilities
on X.
Theorem 7.7 (Azencott). A probability measure ν on a compact Γ-
space X is contractible iff its corresponding Poisson map Pν is isomet-
ric.
Theorem 7.8. Let Λ ≤ Γ be a subgroup. An action Γ y X is a
Γ/Λ-boundary iff ∅ 6= ProbΛ(X) ⊆ Prob
c(X).
Proof. Suppose Γy X is a Γ/Λ-boundary. So there is a Γ-embedding
C(X) →֒ ℓ∞(Γ/Λ). The restriction of the state δΛ ∈ ℓ
1(Γ/Λ) yields
a Λ-invariant probability on X. Moreover, if η ∈ ProbΛ(X), then the
Poisson map Pη is a Γ-map from C(X) to ℓ
∞(Γ/Λ), hence isometric
by definition of Γ/Λ-boundaries, which implies η ∈ Probc(X).
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Conversely, suppose ∅ 6= ProbΛ(X) ⊆ Prob
c(X). Let η ∈ ProbΛ(X).
Then Pη is a Γ-map from C(X) to ℓ
∞(Γ/Λ), and any such map is the
Poisson map corresponding to a Λ-invariant measure on X. Since all
such measures are contractible, it follows that any Γ-map from C(X)
to ℓ∞(Γ/Λ) is isometric. Hence X is a Γ/Λ-boundary. 
Corollary 7.9. Let Λ1 ≤ Λ2 ≤ Γ be subgroups, and let X be a Γ/Λ1-
boundary. Then X is a Γ/Λ2-boundary if and only if it admits a Λ2-
invariant probability.
Proof. Since X is a Γ/Λ1-boundary, every Λ1-invariant probability η ∈
Prob(X) is contractible by Theorem 7.8. Hence,
ProbΛ2(X) ⊆ ProbΛ1(X) ⊆ Prob
c(X).
Thus, again Theorem 7.8 implies that X is a Γ/Λ-boundary if and only
if it admits a Λ2-invariant probability. 
An important case is when Λ1 is trivial in the above corollary, which
gives the following.
Corollary 7.10. Let Λ be a subgroup of Γ. Then a boundary action
Γ y X is also a Γ/Λ-boundary action if and only if X admits a Λ-
invariant probability.
Example 7.11. Let p > 1 be a prime, n ≥ 2, and let G = SLn(Qp).
With the p-adic topology, G is a locally compact group, containing
Γ = SLn(Z[
1
p
]) as a dense subgroup. The closure of the subgroup
Λ = SLn(Z) in G is the compact subgroup SLn(Zp). Since Γ is dense
in G it follows that ∂FG is a Γ-boundary. Since Λ is precompact in G,
∂FG admits a Λ-invariant probability. Hence, by Corollary 7.10, ∂FG
is a Γ/Λ-boundary.
The above example is indeed a special case of the following.
A subgroup Λ ≤ Γ is said be commensurated in Γ if gΛg−1 ∩ Λ has
finite index in Λ for all g ∈ Γ.
Let Symm(Γ/Λ) denote the group of all symmetries of the set Γ/Λ.
With the pointwise convergence topology, Symm(Γ/Λ) is a topological
group, and the canonical action of Γ on Γ/Λ gives a group homomor-
phism Γ → Symm(Γ/Λ). We denote by Γ the closure of image of Γ
under this homomorphism (it will always be clear from the context
with respect to which subgroup Λ this completion is taken). Then Λ
is a compact open subgroup of Γ, and Γ/Λ = Γ/Λ.
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Proposition 7.12. Suppose Λ ≤ Γ is commensurated. Then ∂FΓ (the
Furstenberg boundary of the topological group Γ) is a Γ/Λ-boundary.
Proof. Since Γ is dense in Γ, it follows that ∂FΓ is a Γ-boundary. Since
Λ is compact, it fixes some η ∈ Prob(∂FΓ). Thus, Corollary 7.10
implies ∂FΓ is a Γ/Λ-boundary. 
8. Non-commutative examples
So far, all the examples we have given of FH-boundaries are commu-
tative C∗-algebras. This is not always the case though:
Theorem 8.1. Every separable purely infinite unital C∗-algebra A ap-
pears as a subalgebra of a π-boundary for some representation π of
some countable group Γ.
Proof. Let H be a separable infinite-dimensional Hilbert space such
that A ⊆ B(H). Let {pn : n ∈ N} be a sequence of nonzero projections
that generate A. Since A is purely infinite, for any n ∈ N, both pn and
1−pn are infinite projections. For each n ∈ N choose a unitary un such
that unpnu
∗
n = 1 − pn. Let Λn be a countable group of unitaries that
generates the von Neumann algebra of operators on H which commute
with pn. Moreover, choose projections q
(n)
1 and q
(n)
2 and unitaries vn
and wn such that q
(n)
1 + q
(n)
2 = pn, vnq
(n)
1 v
∗
n = pn and wnq
(n)
2 w
∗
n = pn.
Let Γ be the group generated by ∪nΛn and {un, vn, wn : n ∈ N}.
Suppose Φ : B(H) → B(H) is a Γ-projection. For any n ∈ N we
show Φ(pn) = pn. So, fix n ∈ N. First, observe that since uΦ(pn)u
∗ =
Φ(upnu
∗) = Φ(pn) for all u ∈ Λn, we have Φ(pn) ∈ {pn}
′′ = Cpn ⊕
C(1− pn). Let Φ(pn) = αpn + β(1− pn) for α, β ∈ C. Then Φ(q
(n)
1 ) =
Φ(v∗npnvn) = v
∗
nΦ(pn)vn = αq
(n)
1 + β(1− q
(n)
1 ), and similarly (using the
w′ns), Φ(q
(n)
2 ) = αq
(n)
2 + β(1− q
(n)
2 ). Therefore
αpn + β(1− pn) = Φ(pn) = Φ(q
(n)
1 ) + Φ(q
(n)
2 )
= αq
(n)
1 + β(1− q
(n)
1 ) + αq
(n)
2 + β(1− q
(n)
2 )
= αpn + β(2− pn),
which implies β = 0. Thus, αpn = Φ(pn) = Φ(Φ(pn)) = αΦ(pn) =
α2pn. So α = 0 or α = 1. If α = 0, then 0 = unΦ(pn)u
∗
n = Φ(1− pn) =
I − Φ(pn), which contradicts the fact that pn and 1 − pn are unitarily
equivalent. This proves the claim.
Now let π : Γ → U(H) be the identity representation, and let E :
B(H) → Bπ be a Γ-projection. Then by the above we have E|A = id,
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which implies A ⊆ Bπ. Moreover, since the multiplication of Bπ is
defined by the Choi-Effros product induced by E, it is seen that the
multiplication in A coincides with that inherited from Bπ. 
References
[AD02] C. Anantharaman-Delaroche,Amenability and exactness for dynamical sys-
tems and their C*-algebras, Transactions of the American Mathematical Soci-
ety 354 (2002), 4153-4178.
[Bek90] M.E.B. Bekka, Amenable unitary representations of locally compact groups,
Inventiones mathematicae 100 (1990), 383-401.
[BdlHV08] Bachir Bekka, Pierre de la Harpe, and Alain Valette, Kazhdan’s property
(T), New Mathematical Monographs, vol. 11, Cambridge University Press,
Cambridge, 2008.
[BV93] M.E.B. Bekka and A. Valette, Kazhdan’s property (T) and amenable rep-
resentations, Math. Z. 212 (1993), no. 2, 293–299.
[BKKO17] E. Breuillard, M. Kalantar, M. Kennedy, and N. Ozawa, C∗-simplicity
and the unique trace property for discrete groups, Publ. Math. Inst. Hautes
Études Sci. 126 (2017), 35–71.
[BO08] N. Brown and N. Ozawa, C*-algebras and finite-dimensional approxima-
tions, Graduate Studies in Mathematics, vol. 88, American Mathematical So-
ciety, Providence, RI., 2008.
[CE77] M.D. Choi and E. Effros, Injectivity and operator spaces, Journal of Func-
tional Analysis 24 (1977), 156-209.
[dlH07] P. de la Harpe, On simplicity of reduced C*-algebras of groups, Bulletin of
the London Mathematical Society 39 (2007), 1-26.
[Fur03] A. Furman,On minimal strongly proximal actions of locally compact groups,
Israel Journal of Mathematics 136 (2003), 173-187.
[Fur63] H. Furstenberg, A Poisson formula for semi-simple Lie groups, Annals of
Mathematics 77 (1963), 335-386.
[Fur73] , Boundary theory and stochastic processes on homogeneous spaces,
Harmonic analysis on homogeneous spaces, Proceedings of the Symposium of
Pure Mathematics, vol. 26, American Mathematical Society, Providence, RI.,
1973.
[Ham79a] M. Hamana, Injective envelopes of C*-algebras, Journal of the Mathe-
matical Society of Japan 31 (1979), 181-197.
[Ham79b] , Injective envelopes of operator systems, Publications of the Re-
search Institute for Mathematical Sciences 15 (1979), 773-785.
[Ham85] , Injective envelopes of C*-dynamical systems, Tohoku Mathemat-
ical Journal 37 (1985), 463-487.
[HK17] Y. Hartman and M. Kalantar, Stationary C∗-dynamical systems (2017),
available at arXiv:1712.10133v2.
[Hig00] N. Higson, Bivariant K-theory and the Novikov conjecture, Geometric and
Functional Analysis 10 (2000), 563-581.
[KK17] M. Kalantar and M. Kennedy, Boundaries of reduced C∗-algebras of dis-
crete groups, J. Reine Angew. Math. (Crelle’s Journal) 727 (2017), 247-267.
30 A. BEARDEN AND M. KALANTAR
[Kir95] E. Kirchberg, On subalgebras of the CAR algebra, Journal of Functional
Analysis 129 (1995), 35-63.
[LB17] Adrien Le Boudec, C∗-simplicity and the amenable radical, Invent. Math.
209 (2017), no. 1, 159–174.
[Oza07] N. Ozawa, Boundaries of reduced free group C*-algebras, Bulletin of the
London Mathematical Society 39 (2007), 35-38.
[Pau11] V. Paulsen, Weak expectations and the injective envelope, Transactions of
the American Mathematical Society 363 (2011), 4735-4755.
[Pau02] , Completely bounded maps and operator algebras, Cambridge Stud-
ies in Advanced Mathematics, vol. 78, Cambridge University Press, Cambridge,
2002.
[Pow75] R. Powers, Simplicity of the C*-algebra associated with the free group on
two generators, Duke Mathematical Journal 42 (1975), 151-156.
Department of Mathematics, University of Texas at Tyler, USA
E-mail address : cbearden@uttyler.edu
Department of Mathematics, University of Houston, USA
E-mail address : kalantar@math.uh.edu
